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Let F(s) = C + J-,” (s + t)-l da(t) (-n < arg z < n) where C > 0 and 
a(t) IS nondecreasing with J-” (1 + t)-’ &(t) finite. For C = 0, F(s) becomes 
the Stieltjes transform, and&y positive C is the limit of the Stieltjes trans- 
forms n C/(s + rz) (n = 1, 2, . ..). Furthermore, it is known [l] that any 
positive real function G(s) can be represented as SF(?). 
For positive real G(s), previously obtained bounds for G(s)/G(l) [l, 21 
have depended on either imprecise estimates from integral representations 
or on the use of Mobius transformations and Schwarz’s lemma, which again 
leads to imprecise bounds which do not take account of the requirement 
that G(s) maps the positive real axis into itself. Since the bounds b(s) and 
B(s) which I am able to obtain for F(s)/F(l) are the best possible, it follows 
that for Re s > 0, 1 s 1 b(s2) and 1 s 1 B(9) are the best possible bounds for 
W/G(l). 
To obtain the best possible b(s) and B(s) for which b(s) < ] F(s)/F(l) 1 < 
B(s), it suffices to observe that F(s)/F( 1) is always a weighted average of 1 and 
((1 + t)/(s + t) I t > O}. Thus one need only examine the sign of the deriva- 
tive with respect to t of (1 + t)2/] s + t 12. On doing so, the following 
formulas are obtained 
b(s) = min (I s-l I, 1) (attained by s-l or 1) (1) 
B(s) = l(Re s 3 1) (attained byF(s) = 1) (24 
B(s) = ) s-l 1 (Re s < 1 and 1 s - & 1 < Q) (attained by s-l) (2b) 
B(s)=Is-l]//Ims](Res<land]s-*I>>) (24 
(attained by (1 + t,)/(s + to) with f,, = (I s - & I2 - $/( 1 - Re s)). 
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